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We find a fine structure in the Aharonov-Bohm effect, which is characterized 
I. INTRODUCTION
In the limit of large repulsion, when U/t → ∞ Kusmartsev [1] found that the AharonovBohm(AB) effect is fractional. In units of elementary flux quantum its period is equal to 1/N, where the N is the number of electrons on the ring. This effect is drastically different from conventional integer or half-integer AB effects [2] , [3] , [4] , [5] [6] .
This result has since been confirmed in the investigation by Schofield, Wheatley and Xiang [7] . The first corrections were studied by Yu and Fowler [8] , where they first recognized the importance of the magnon excitations for the Aharonov-Bohm effect. We extend their analysis and investigated the effects for the dilute system. We find a new type of oscillations, related to a magnon excitation spectrum. The new AB oscillations with the period M/N arising with the first corrections to the strong coupling limit or to the dilute density limit appears when we take into account the polarized or partially polarized ring with M downspin electrons. That is for the effect it is very important a role of the Zeeman interaction causing the polatization effects. The importance of the Zeeman energy was noticed recently by Choy [9] .
We show that for the very dilute system, when the filling factor tends to zero, as well as for strong-coupling limit, the fractional 1/N Aharonov-Bohm effect may coexist with the integer conventional, integer-fractional or half-flux quantum periodic AB effect. By the integer-fractional regime of AB effect we mean the appearance of a new type of oscillations on the envelope function of 1/N periodic oscillations, which display a new fractional period.
The period of these oscillations is equal to M/N, where M is the number of down-spin particles. The M/N oscillations exist even when the 1/N oscillations are washed out. When the Zeeman interaction is neglected, i.e. the Zeeman energy is zero and M = N/2, there is a coexistence of the fractional 1/N and half-flux quantum periodic oscillations. In contrast, when the system is almost polarized, i.e. M = 1, the fractional 1/N and integer periodic oscillations coexist.
In previous work [10] we found that finite scaling finite size effects were very important.
There is a scaling behavior of the ground state energy which does not depend on the size L or on U, but depends only on N/UL = const = α, where U is measured in units of t and L is measured in units of the lattice constant. Such scaling occurs only at small values of α.
Due to this scaling symmetry the fractional Aharonov-Bohm effect may arise even for small values of U, for the very dilute electron systems. In the present work, we shall show that, such a symmetry is related to the structure of the low energy excitations of the Hubbard Hamiltonian, namely, with the spectrum of the spinon or magnon excitations. In fact the parameter α defines the energy of the magnon excitations. Thus, the shape of the new AB oscillations completely depends upon the energy of the magnon excitations.
In fact, we get an amusing physical picture. First, let us discuss the case M = N/2. For an odd number of particles in the ground state of the Hubbard ring, there already exists a spinon excitation. The momentum of this excitation is associated with the top of the spin-wave spectrum. This excitation is needed because of the parity effect, discussed by Legget [11] , Loss [12] and Kusmartsev [6] , for the case of interacting spinless fermions.
Thus, again with the first correction to the strong coupling limit or to the dilute density limit we have shown that on the Hubard ring there occurs the reconstruction of the parity effect, reflecting the structure of low-energy excitations of the Hubbard ring. However, the parity effect obtained is distinct from the parity effect for the mesoscopic ring with spinful electrons and disorder [13] Inducing the flux the momentum of this spinon excitation, which exists in the ground state, changes. This gives rise to the correspondence between the spin excitation spectrum and the Aharonov-Bohm fine structure. With the magnetic field the number of polarized electrons changes, i.e. the spin excitation spectrum changes, this gives rise to the change of the Aharonov-Bohm periodicity.
This occurs also for the general situation, with any number of particles on the ring and at different rational ratio M/N. In the latter case one may see an additional fractional M/N AB oscillations, which are due to the structure of the spinon excitation spectrum; the picture is as follows. With the flux, the spinon changes its momentum, which is, in fact, proportional to the flux. The change in the momentum does not occur continuously, but via jumps related to the finite number N of the particles on the ring. Therefore these jumps 
II. MAIN EQUATIONS
To demonstrate this picture we have studied the Hubbard Hamiltonian
which is parametrized by the electron hopping integral t, the on-site repulsive Coulomb potential U and the number of sites L. The operator a † iσ (a iσ ) creates (destroys) an electron with spin projection σ (σ = + or −), at the ring site i, and n iσ is the occupation number operator a † iσ a iσ . The summation in Eq. (1) extends over the ring sites i or -as indicated by < i, j >, σ -over all distinct pairs of nearest-neighbor sites, around the ring with the spin projection σ. For the case of the magnetic field we use the same form of the wave function as in Refs [14] , [16] and [18] , i.e.
2)
where P = (P 1 , . . . , P N ) and Q = (Q 1 , . . . , Q N ) are two permutations of (1, 2, ..., N), and N is the number of electrons.
The coefficients [Q, P ], as well as (k 1 , ...k N ), are determined from the Bethe equations, which in a magnetic field are changed by the addition of the flux phase 2πf [16] , [18] , [19] , [1] , [20] , [21] , and [22] 
f being the flux in units of the elementary quantum flux φ 0 . The explicit form of the Bethe equations in a magnetic field is [14] , [17] , [1] , [20] , [8] 
where θ(x) = 2 arctan(x) and the quantum numbers I j and J β , which are associated with the charge and spin degrees of freedom, respectively, are either integers or hal-odd integers, depending on the parities of the numbers of down and up-spin electrons, respectively, i.e.
III. EXPANSION
In previous work [10] showned that in the dilute density limit there exists a small parameter α, which is
where ρ = N/L is the filling factor.
From an expansion in α ( α << 1) of the second Bethe equation (2.6), we get the
where t β = 4λ β /U.
Next step, we notice that the second term on the left hand side the eq.(3.9) is small and therefore we may incorporate it into the argument x of θ(x)−, giving 
One sees that the solution for x α is independent of both the flux f and on its repulsion U. 
Let us substitute the variables
For parameter α small (dilute density), this system of linear equations may be solved, with the result for the momentum
and for the ground state energy
where p = − M β=1 J β , I max and I min are the maximal and minimal charge quantum numbers,
The magnitude
which is a real number, has the physical meaning of the total energy( ground state + excitations) of the antiferromagnetic Heisenberg Hamiltonian with the exchange constant equal to 1/4.
The variables x α are satisfied by the Bethe ansatz equation for that Hamiltonian(3.11).
Actually, the value B(k) is a function associated with the excitations spectrum, where k is the momentum of the spin-wave excitation of the Heisenberg Hamiltonian k = 2π α J α /N.
For the antiferromagnetic state of Heisenberg Hamiltonian the dependence B(k) has been studied in detail in many works: first being estimated by Anderson [23] , within a spin wave approximation and then by des Cloizeaux and Pearson [24] [25] in the framework of the Bethe ansatz obtaining the exact form of this spectrum.
At large number N this dependence has the form:
The ground state energy(first two terms) has been obtained by Hulthen [26] in the framework of the Bethe method [27] . It was seven years later after Bethe introduced his method (the Bethe ansatz), applying it to the ferromagnetic Heisenberg chain.
IV. SINGLE SPIN
Let us consider the case with M = 1, i.e. when the system is strongly polarized. Here, we find an analytical solution, permitting eq.(3.11) to be immediately solved yielding
The function B(J β ) can then be calculated from this solution, giving B = cos 2 (
Now we must consider two independent cases, when N is odd and when N is even. Let N be an even number, then J β is an integer, p say. Then, for the ground state energy we get the explicit expression
The ground state energy-flux dependence is this a function with two types of oscillation.
The Next we turn to the case of N odd, when the numbers J β are half-odd integer. So, let us take J β = p + N/2, where p is an arbitrary integer. Given this, then the ground state energy may be expressed as
Again, we find that the ground state energy dependence has both the single flux quantum and the fractional flux quantum periodicity, described by the first and the second factors, respectively. In the region of the one period of the single flux quantum this dependence again consists of N-parabolic like curves, labelled by the integer p: 0 ≤ p ≤ N. Several conclusions can be drawn immediately. Firstly, the parity effect, which disappeared in the α small limit, is again recovered when the first correction is taken into account.
In other words, the ground state energy-flux dependence is different for the even and odd numbers of fermions on the ring. To be more precise, the behavior of the flux-energy dependence for an even number of particles is shifted by a half flux quantum in comparison with the case of an odd number of particles. This is similar to the parity effect observed on a ring with interacting spinless fermions [11] , [6] [12]. However, in comparison with spinless fermions on the Hubbard ring the, cases of even and odd number of particles are reversed.
The parity effect discussed might be related to the number of down-spin electrons, which is N − 1. In comparison with the case of spinless fermions, because of this shifting of the particle number N by N − 1, the parity effect discussed might be reversed. In this case, again, one may connect the parity effect with the creation of the statistical flux π, due to Fermi statistics [6] .
V. SPIN UP-DOWN EQUILIBRIUM
In this section we will follow the important suggestion by Yu and Fowler [8] about the possible role of spin excitations in the Aharonov-Bohm effect on the Hubbard ring in the limit of large U/t. Our results extend their analysis of the first corrections in the strong coupling limit as well as being applicable to systems with the low electron density at arbitrary coupling. Now, let us consider the general case, when the number of spin-up fermions is approximately equal to the number of spin-down fermions, i.e. it may differ by ±1.
To investigate the behavior of the flux-energy dependence for such a general situation, we must consider four independent cases, when the numbers N and M are even or odd. As we will see below ( also,see, above the single spin case M=1) for the ground state energy flux dependence only the parity of the number N will be important.
Let us consider the first of these cases, when N and M are even. The quantum numbers i.e. is of the form:
With increasing flux this hole in the distribution is shifted to another place so that α J α = M − 1 and, therefore, the magnon momentum decreases. In other words with the flux the hole in the distribution moves to its left side. Therefore, with that motion of the hole, exactly speaking, with the new position of the hole the magnon excitation will have the new momentum k < k 0 and the energy B(k) < B 0 . Exactly speaking, the obtained dependence B(k) describes the low-energy excitation of the discrete antiferromagnetic Heisenberg chain, as first discussed by des Cloiseaux and Pearson [24] [25].
With the dependence B(k) taken into account the appropriate ground state energy dependence of the Hubbard model on the flux may be written in the form: 20) where the flux value f is changed in the region (2p Now, let us consider the second case when N is even, but M is an odd number. In this case, at zero flux, the ground state energy corresponds to half-integer numbers I j and integer numbers J α distributed symmetrically around the origin (see, for example [6] ). That is, here,
The analysis of this case is similar to that above. The given distribution of quantum numbers J α corresponds to the ground state energy, both of the antiferromagnetic Heisenberg chain and the Hubbard ring. However, including the flux the ground state energy of the Hubbard ring will now correspond to the nonvanishing sum β J β , which is negative.
This means that there will be created a magnon excitation similar to that described above, associated with the appearance of a hole in the distribution of J α . With the increasing flux the hole will move from the left to the right of the distribution. . However, the ground state energy of the Hubbard ring with zero flux values must correspond to the state with α J α = 0. This sum can equal zero when the associated state of the Heisenberg chain is not a ground state, at rather an excited state. This means that it is a state with the hole in the {J α } distribution. One sees that in this case the hole will be created exactly in the origin:
This state corresponds to the top in the spin-wave excitations of the Heisenberg chain,
i.e. to the spin-wave excitation with momentum k = This is due to the parity effect, since the number of particles on the ring is odd.
For contrast, in Fig.4 we present a case for an even number of electrons on the ring with N = 10, and L = 1000. Again, as in Fig.3 the coexistence of the half-integer and fractional
Aharonov-Bohm effects is observed and because there are 10 particles the fractional 1/10 flux quantum oscillations arise. The envelope curve of these fractional oscillations is as in Fig.3 a half flux quantum periodic function, which, however, has minima at integer and half-integer flux quanta.
In the comparing these two Figures, one notes that with the change of the number of particles from odd to even, the position of the maxima is shifted by a quarter-flux quantum.
This is precisly due to the parity effect similar to the parity effect for spinless fermions [6] , [12] , [11] . That is on the Hubbard ring we have obtained the parity effect which is similar to one for spinless fermions. The effect is due to the contribution of the spinon excitation spectrum in the AB effect. Note, that in the second case (Fig.4) with in the parameter M/N. We can assume that the values of x β in eq.(3.11) are small.
Using these assumptions the eq. (3.11) may be written in the form
i.e. we have obtained a system of linear equations, which can be immediately solved, giving
This solution looks like the momentum spectrum of a free particle on a chain of 2N − M 
The substitution of which into B[x α ] gives
The choice of the set J α determines the dependence of the low lying excitations B(k). Now we must consider four independent cases associated with the parity of numbers N and M.
Let, first us consider the case, when N is even and M is odd. Then the ground state energy corresponds to the vanishing sums of the integers J α , α J α = 0 and of the halfintegers I j , j I j = 0. Both of these sets are densly distributed, symmetrically around the origin. The excitation will correspond to the hole in the distribution of J α . For example, when p = 1 = − J α , then the hole is created on the left hand side, from the left edge .
For the value p = 2, the hole is moved on to the next position . In general, if the hole in the position J α then we can write
where the sum is taken over the dense distribution. Therefore, if p ≤ M, this sum equals
). In the similar way, by splitting into to terms, the sum over the dense distribution of M + 1 quantum numbers J β and the term associated with the hole at the place of J α we find for the energy of such excitations:
Then, expressing J α from eq.(6.27) and substituting it into eq.(6.26) we get the dependence of B( With increasing p this hole will move from the left to the right side, once M < p ≤ 2M.
At the value p = M, the distribution of J α will be dense, but shifted by 2 to the left in comparison with the distribution associated with the value p = 0. Thus, for an arbitrary value of p, we can write
The energy of the associated excitations is equal to:
Thus, the ground state energy has cuspoidal minima (cusps) at p = nM, where n is an integer. So, if we substitute p = lM, we have for the envelope functions of these cusps:
, the function B(l) is monotonically decreasing with l, having a maximal value
], where the brackets indicate that we take the integer part of the value
. The spectrum of the excitations of the Heisenberg chain reflects the flux quantum periodicity of the Hubbard ring, as described above. Therefore, we come to the conclusion, that in addition to fractional 1/N, and integer on the Hubbard ring there also occurs fractional . However, the ground state of the Hubbard ring will correspond to an excited state of the Heisenberg chain with the hole in the origin, i.e. the ground state corresponds to the sum: α J α = 0.
The excitation associated with the value p = 1 corresponds to the shift of this hole to the position J α = 1. So with the increasing p the hole moves to right. Therefore, we can write
α=1 J α + J β = J β , where p ≤ M/2 and the sum is taken over the dense distribution.
As p is increased from M/2 the hole will be created on the left edge and moved to the right edge, where p ≤ (M + M/2). With the next increase of p this process will be repeated and so on. Thus, we may write in general form that
where the first term related to the sum
The envelope function of parabolic like curves associated with the ground state energyflux dependence is calculated in a similar way and equals: The other two cases only differ from these already considered ones only by an appropriate shift. In both of them the ground state of the Hubbard ring corresponds to the excited state of the Heisenberg chain with the value
Because of the M-periodicity, this state may be mapped into another one, where the sum M α=1J α = 0 vanishes, i.e. this can be obtained with the aid of the transformation:
where l 1 is the integer part of the ratio
. Therefore, we can write
].
Thus, the problem has been reduced to the one, discussed above, but with the differ- In the first case, the values J α orJ α are half-odd integer and from eq.(6.34 ) we get
The excitation energy is estimated as above yielding:
From eq.(6.35) and making the inverse transformation fromJ α to J α we finally get
where the value l is choosen thus
For an illustration we present in Fig.7 Similarly way we can obtain the excitation energy for the second case, when the parity of particles number is odd, i.e. N and M are odd:
where the value l is chosen thus
For an illustration we present in Fig.8 with two previous cases, respectively. But, the qualitative shape of these dependencies are not changed.
VII. FINE STRUCTURE
One general conclusion that can be drawn here that the complete picture of the Aharonov-Bohm effect must include a fine structure. The latter appears when we take into account the electron-electron interactions and is characterized by oscillations with an amplitude and a period smaller than the conventional one. In fact, there is a hierarchy of flux periodicities which depends implicitly on the Zeeman interaction.
The Fourier spectrum of the energy-flux dependence for the Hubbard ring mainly con- It is useful explicitly to write an envelope of the flux-dependence. For example in the case, where there is up spin-down spin equilibrium (i.e. M=N/2), for the two cases of an even or an odd number of particles on the ring the flux energy dependence has the form:
For the other values of M the prefactor will be the same, but the oscillation factor will be changed to reflect the fractional M/N flux quantum periodicity.
On the other hand the amplitude of the fractional 1/N oscillations is estimated to be 
One sees that at large L the limits when such behavior exists may be easily recovered.
In conclusion, then in the dilute density limit or for strong coupling we have discovered However, with the increase of magnetic field on the ring there may occur spin-flip processes.
As the result the number of the down-spin particles changes (decreases) and the magnetization of the ring related to the number M decreases. This Zeeman magnetization may be described with the aid of the formula:
where brackets means an integer part of the value. The value χ is a susceptibility of the Hubbard chain . First, in thermodynamic limit the value of χ has been calculated by Takahashi [28] for the case of the half-filling, then for an arbitrary filling the value of χ has been calculated by Shiba [29] . For the low density limit α << 1 we discuss the value of χ may be estimated by the similar way. For the large values of L the thermodynamic limit is acceptable. Therefore we use Shiba's result
One sees that with the field the value of M, and, therefore, the period of the fine structure decreases
Thus we came to the conclusion that in the Aharonov-Bohm effect of strongly correlated system such as the Hubbard ring may occur the oscillation of the smallest amplitude, which period decreases, when the field increases. In such an effect the spin orbit interaction might be important (see, for example, Ref. [30] )
IX. TOWARDS REALITY FROM EXACT SOLUTIONS
In the present work we have presented the exact solution for the Hubbard ring, showing a fine structure in the Aharonov-Bohm effect. The mesoscopic rings in existing experiments have many channels, large sizes and many electrons ( see, also, discussion in Ref. [31] ). They also have disorder or impurities. The measurements are carried at finite temperatures. Of course, all these factors make a large difference between the presented model calculations and the realistic situations.
However on such rings the electron density is much smaller than in a 3D metal, where screening exists. Therefore the electron-electron interaction is very important. The effects of the strong electron-electron correlations, which give rise the finite structure of AB effect, of course, will appear there. But at present time there is no tool to take into account correctly the many-body effects related to this interaction. The Bethe ansatz method is only one single tool, where the effects of strong correlations may be studied for large number of electrons and a system of a large size, but for some models only. So, using the Bethe ansatz we found, that the interaction between particles also may create the finite structure, which is characterized by several types of periodic oscillations with the amplitude and period smaller than one unit.
In the integer-fractional regime the effects of disorder and temperature will be to make the flux-energy dependence smoother leading to the disappearence of the fine structure. In The discovered single flux quantum periodicity, when the finite structure has disappeared, may be relevant to two recent experimental studies of the Aharonov-Bohm effect on single metallic and semiconductor rings [32] , [33] . Recent experiments [32] The interaction between particles may also support the full single quantum periodicity, and, therefore, it may also be responsible for the observed single flux quantum period. The prediction of fractional 1/N and fractional M/N oscillations could be made for the ring having lowest level of disorder. Once the resolution of the experimental studies has been improved such periodicities may be observed.
The other experiment [33] , which is worth to mention is that the half-flux quantum periodicity simultaneously of 10 7 rings has been measured. It is also consistent with our results. It is reasonable to assume that there is a disorder. So the single ring must show the single flux periodicity. For such large ensemble of the rings we must take also into account the parity effect. Then it is also reasonable that half of these rings has an even number of particles and the other half of these rings has an odd number of particles. Because of the discovered and described parity effect, averaging over the two cases of odd and even number of particles indicated above, immediately gives the Φ 0 /2 period. This interpretation is then natural for the experimental results concerning many rings [33] . Thus in the framework of our approach we have obtained the unified pictures why the Φ 0 period is seen in individual rings and why Φ 0 /2 period is seen an ensemble of 10 7 rings.
In addition to these explanations, we predict the existence of oscillations with periods smaller than Φ 0 or Φ 0 /2. To check the predictions of our theory, it is important to perform the Fourier analysis of the persistent current oscillations in order to detect the fractional Aharonov-Bohm effect, which coexists with integer one, i.e. whether there are fractional oscillations on a background of integer ones.
Recently the fractional 1/4− AB effect has been observed [36] in AuIn-rings prepeared by e−beam lithography . Since this effect has been observed in the region of a superconducting phase transition, where the phase separation occurs. It seems that there the effective system reminding the quantum dot chain ring is created. Therefore, the discussed Hubbard model for the description of unpaired electrons in these droplets may be applicable. 
